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Governing equations

Incompressible Navier-Stokes equations:
Jru + ud,u + voyu = —0d,p + v(axxu + ayyu) + f
0:v + udyv + voyv = —0,p + v(axxv + ayyv) +g9
—0xu —0yv =0
Can be recast into:

1
Batw+§]\f(w, w)+Lw=f

v=() =0

where:

B=(y o)
W (wy,wp) = (M T2 -(l)'uz )
—vAQ) V()
L:(—;-o o)

Boundary conditions: Dirichlet, Neumann, Mixed
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Some properties

a) N(wy,wy) =N(wy,w)

b) %N(WO + edw,wy + edw) = %N(WO,WO) + € V' (wy, 5W2 + %ZN((SW, ow) + .-

Jacobian Hessian
=Ny W

&) Niyydw = I (wo, 6w) = (O Vo + ko VOU)

0 =5 (-2 0

e) dut+u-Vu=-Up+vV?u=-V?p=V-(u-Vu),d,p = vV?u - non solid
walls. Hence, p is a function of u and should not be considered as a degree of
freedom of the flow.

f) Scalar-product: < wy,w, > = [[ (uju, + viv,)dxdy = [[ (wy - Bw,)dxdy so
that /{< w,w >} is the energy.
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Asymptotic development

Solution:
w(t) =wy + ew (t) + -+ withe « 1

Governing equations:
1
Batw+§]\f(w, w)+Lw=f
Introduce solution into governing eq::

1
Bo;(wo+ew, + "')‘I'EN(WO +ew; + -, wog+ewy + ) + Lwytew; +-) = f

( 1
zN(Wo» wy) + Lwy = f at order O(1)

1
Ny Batwl+§ [NV (wq,wg) + N (wy,w;)] + Lw; = 0 at order O(¢)

1
BOwy 4N,y Wo + Lw, = — =N (wy, wy) at order 0(e?)

\ 2

MEC651 denis.sipp@onera.fr Adjoints 6



Oder €Y: Base-flow

Definition: 1
w(t) = wo + ewq(t) + - F(w) =§N(W,W)+Lw—f
Non-linear equilibrium point :

1
EN(W(),W()) +LWO = f

How to compute a base-flow ? Wo
Newton iteration:

1

EN(WO + Swp, wo + dwy) + L(wo+Ewy) = f

Linearization:

1
N(Wo, 6W0) + L6W0 = f — EN(W(),W()) - LWO

) 1
= 6W0 = (NWO + L) <f — EN(Wo,Wo) - LW())
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Oder €°: Base-flow
The case of cylinder flow

E
-0.11 1.16
yO0
*
|
-5 = T T ™7 T
0 5 x 10 15
Re = 47

Streamwise velocity field of base-flow.
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Order €!: Global modes
Definition

w(t) = wy + ewy(t) + -
Linear governing equation:
Boiw; + Ny ,wi + Lwy =0
Solution w; under the form:
wy = e + c.c
This leads to :

ABW + (N, + L)W =0

Eigenvalue:

Eigenvector:
w=w, +iw;
Real solution:
wy = e + c.c = 2e%t(cos wt W, — sin wt W;)
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Order €': Global modes
How to compute global modes ?

Eigenvalue problem solved with shift-invert strategy:

- Power method, easy to find largest magnitude eigenvalues

of Ax = Ax. For this, evaluate A™x,

- To find eigenvalues of A closest to zero, search largest magnitude eigenvalues of
A™1: A7lx = 27 1x. For this, evaluate (4~ 1)"x,

- To find eigenvalues of A closest to s, search largest magnitude eigenvalues of
(A—sD™t: (A —sI)7tx = (A — s)~x. For this, evaluate((4 — SI)_l)nxO

- Instead of power-method, use Krylov subspaces -> Arnoldi technique

- Cost of algorithm = cost of several complex matrix inversions
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Order €!: Global modes
Case of cylinder flow

15
: 5
‘ |
- : 5.7 5.7
|
! yo4 O W - ‘
AN — -
_5 g 1 B | |
R T 0 5 5 10 15
—%.25 -0.20 -0.15 -0.10 -0.05 0 0.05
a
Real part of cross-stream velocity field
Spectrum Re = 47 Marginal eigenmode
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The Ginzburg-Landau eq.

We consider the linear Ginzburg-Landau equation
owy + Lwy; =0
where
2
, X
L=Udy — u(x) — y0xy, u(x) = iwg + U — Uz o
Here U,y,wy, o and u, are positive real constants. The state w(x,t) is a complex

variable on —oo < x < 400 such that |[w| — 0 as |x| — oo. In the following,
400

(Way Wp) = j W (x) Wy (¥)dx.

— 00

1/ What do the different terms in the Ginzburg Landau equation represent?
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The Ginzburg-Landau eq.

2,2 1

~ . Ex_—x % ‘u'2 _ \/7 e A\ o
2/ Show that w(x) = {ezr™ 2z with y = - “and ¢ = — 5z Verifies Aw + Lw = 0.
1
ZeSYZXZ

What is the eigenvalue A associated to this eigenvector? The constant { has been selected so
that (w,w) = 1.

3/ Show that the flow is unstable if the constant yy is chosen such that: puy > u., where

UZ
vz (ke

#C_4.y 2'

U szz

Nota: </1 = iwgy + Uo ———(2n+ 1) WZ w, = {,H,(yx)ezy _T> are all the

eigenvalues/eigenvectors of L, H,, being Hermite polynomials.
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Bi-orthogonal basis
and adjoint global modes (1/3)

In finite dimension

Global modes:
Av’Di == )LiWi

w = E aiv’Vi
[

Definition of adjoint global modes: with <> as a given scalar-product (say

< Wy, W, > = Wy W,), there exists for each a; a unique W; such that a; =< w;, w >
for all w. The adjoint global modes are the structures W;. In the following: (w;, w;) =
1.

The eigenvectors w; form a basis:

Properties:
» Wy and W; are bi-orthogonal bases: they verify w; = 2 < W;,w; >W; and so

< Wy, Wj > = &y; (in matrix notations W*W = 1)
1 1
> Cauchy-Lifschitz: 1= |< Wirwi >| << Wi,ﬁ’/i >2< Wir Wi >2
1
~ o~ X ~ 1
Hence: < w;, w; >2> 1 and cos angle(W;, w;) =—

<\’/17i,\’/17i>E
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Bi-orthogonal basis
and adjoint global modes (2/3)

In finite dimension

w = (W w)wy + (W, w)w,

~ Def of w;:
W2 ~ A
A W1‘W1=1
Wl . Wz = O
W2
Def of w,:
Wz . Wz - 1
. W, -w; =0
> 02 2 1
2}
W*W =1

Method 1: W = W*~1
Method 2: W = WX = X*W'W == X = (W'W) =W =WWW)
Method 3 : adjoint global modes
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Bi-orthogonal basis
and adjoint global modes (3/3)

Global modes:
BW; + (N, + L)W; = 0
The eigenvectors w; form a basis:
W = z aiWi
i

Definition of adjoint global modes: with <> as a given scalar-product, there exists
for each a; a unique w; such that a; =< w;, Bw > for all w. The adjoint global
modes are the structures w;. In the following: < w;, Bw; > = 1.

Properties:
» Wy and W; are bi-orthogonal bases: they verify w; = }.; < W;, Bw; > W; and so

< WR,BW] > = 5k]

1 1
> Cauchy-Lifschitz: 1= |< Wi,BWi >| << Wi,BWi >2< Wi,BWi >2. Hence:
1
e X — 1
< W;, Bw; >2> 1 and cos angle(;, w;) =— =
<Wi,B\7(1i>§
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Optimal initial condition (1/3)

Definition of optimal initial condition

Initial-value problem:
Bow; + (M, + L)wy =0, wy(t =0) =w!
Solution:

wy (£) = z < w;, Bw! > elitiy,
i
If (W1, A,) is the global mode which displays largest growth rate, at large times:
wy(t) =< Wy, Bw! > ettipy,
We look for unit-norm w! (< w!, Bw! >= 1) which maximizes the amplitude of the response
at large times. w; is the optimal initial condition.
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Optimal initial condition (2/3)

If direct global mode as initial condition:

WI = Wl
In this case, at large time:

W1 (t) ~ elltwl

If adjoint global mode as initial condition:

21
wl =

1
< Wy, Bw; >2
Then, at large time:

1
Wl(t) =~ Wl,BW1 >2 elltwl
This is optimal since:

1 1
|< Wy, Bw! >| << Wy, By >2< w!, Bw! >2

1
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Optimal initial condition (3/3)

Estimation of gain:

From Causchy-Lifschitz:

1
< Wy, B, >2>1
Amplitude gain:

1

1
< Wl BWl >§= -
’ cos angle(w,, w,)
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In finite dimension

Wy, = —12W1 + 18W2
lw,ll =1

Wz = OWl + 1\7\\72
Wl =1

wWq = 19W1 — 13W2
Wl - 1W1 + OWZ
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Optimal forcing in stable flow (1/2)

Problem:
1
Bo.w+ EN(W, w) + Lw = €Bf;

W =Wy + ew;
At first order: Ba,wy + (N, + L)wy = f
In frequency domain: w; = e!®*W and f, = e'®tf

Governing equation:
iwBW + (M, + L)W = Bf

Where to force (f) and at which frequency (w) to obtain strongest response (iw)?
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Optimal forcing in stable flow (1/2)

Introducing global mode basis: W = Y; < W;, BWw >W; and Bf = ¥; < W;, Bf > BW;:

le < Wi,BW > BWL —/11' < Wi,BW > Bwl = z < Wi,Bf > Bv’\?l
{ {

Scalar-product with w; and using bi-orthogonality:< w;, Bw; > = §;;

< w;, Bw > (iw — 4;) =< w;, Bf >

. <w,Bf>
< Wj,BW >= —
lw — Aj
Solution:
. < w;, Bf >
wq(t) = e“‘)tz: ! Bw:

i
To maximize response:
a/ force at frequencies iw closest to 4;

. Wj
b/ force with f = ————
<W;BW;>2
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Adjoint operator
Definition

Definition of adjoint operator:
Let (w{, w,) be a scalar product and A a linear operator.
The adjoint operator of A verifies (Wy, Aw,) = (Awy, wy)
whatever w; and w,.
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Adjoint operator
Example in finite dimension

Space:

w e CV
Scalar-product:

< wq, W, >=w;0w,
with Q a Hermitian matrix Q* = Q.
Linear operator: A matrix.
Adjoint operator:
< wy, Aw, > = wiQAwW, = wiQAQ™ 10w, = (Q71A*Qw,)*Qw, =< Awy,w, >
with A = Q"1 A*Q

IfQ =1,then A = A*

MEC651 denis.sipp@onera.fr Adjoints 28



The Ginzburg-Landau eq. (cont’d)

4/ Determine the operator £ adjoint to £, considering the scalar product (-,-).
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Adjoint operator
Example with linear PDE and B.C. (1/2)

Space:
Functions x € [0,1] — C such that u(0) = d,,u(1) = 0.

Scalar-product:
1

< U,Uy > = J U U, dx
0
Linear operator A.:

Au =Ud,u — au —vd,,u
Adjoint operator:

< uUp, Auy, > = fol u;(Uo,uy — auy, — VO, Uy)dx =
fol(u{Uaxuz — QUiU; — VU] Oy Uiy )dX =
[wiUu, — vuio,u,|s + fol(—ax(uIU)uz — QUiUy + VO, U 0, Uy)dX =

[uiUny — vuideu, + v(0xui)u,ls + fol(_ax(Uul) — QUy — VO Uy ) Updx =
< Auq,uy >
Hence:

Au = —0,,(Uu) — au — vo,,u = —Ud,u —ud, U — au — v, u
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Adjoint operator
Example with linear PDE and B.C. (2/2)

Boundary integral term: [u}Uu, — vujd,u, + v(9,u})u,]5 = 0
Atx = 0:u,= 0and d, u, # 0,sothatu; =0
Atx = 1:d,u, = 0and u, # 0,so thatujU +v(d,u;) =0,oru U +vd,u; =0

u4 should be in the following space:
Functions x € [0,1] — C such that u(0) = u, (1)U + vd,u(1) = 0.
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Adjoint global modes and
biorthogonality (1/4)

In finite dimension

Theorem:

Let (W;, 4;) be eigenvalues/eigenvectors of AW; = A;W;. Then there exists (i;, 1; )
solution of the adjoint eigenproblem A*W; = A;W;. These structures are the adjoint
global modes and may be scaled such that W; W; = §;;. The vectors W; are bi-
orthogonal with respect to the vectors w;.
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Adjoint global modes and
biorthogonality (2/4)

In finite dimension

Proof:
/11"7\71 — AWI
(/11' - A])W]*Wl - 0
If /1,: e = /1], then W?\//\\/i =0

J
~ %k A\

If W] Wj + O, then /11' — /1]

Conclusion: vT/j can be chosen such that

MEC651 denis.sipp@onera.fr Adjoints

34



Adjoint global modes and
biorthogonality (3/4)

Theorem:

Let (W;, 4;) be eigenvalues/eigenvectors of A;BW; + (]\fw0 + L)Vvi = (0. Then
there exists (;, 1; ) solution of the adjoint eigenproblem A;Biv; + (]VWO + ﬁ)vT/i =
0. These structures are the adjoint global modes and may be scaled such that

< W;, BW; >= §;;. The vectors w; are bi-orthogonal with respect to the vectors w;.
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Adjoint global modes and
biorthogonality (4/4)

Proof:
AiBWi —+ (NWO + L)Wl — 0
A BW; + (M, + L)W; =0
< Wy, (M, + L)W > = —1; < W;, BW;>

< Wj, (N, + L)F; > =< (N, + L)W, W; > =< —A;BW;, ®; > = —1; < W}, B®; >

(/1,: - /1]) < W],BWI >=0
|f/11 * /1], then < W],B\//\\Il >=0
If < W],B\//\\fl >F 0, then /11' — /1]

Conclusion: vT/j can be chosen such that
< W],BWI > = 6]1
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The Ginzburg-Landau eq. (cont’d)

U szz 1
5/ Show that: W(x) = &e 2" 2 with & = /Jym +is solution of A*W + Liw = 0. Note that
the normalization constant £ has been chosen so that:
w,w) = 1.
Can you qualitatively represent w(x) and w(x)?

6/ Noting that:

1 U?

2v2 3 2
~ ~ 2
(W, w) =e YHz,

what does (W, W) represent? What is the effect of the advection velocity U and viscosity y
on this coefficient?

U szz

Nota: W, (x) = &, H,(xx)e 2 2 are all the adjoint eigenvectors.
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Adjoint of
linearized advection operator (1/4)

Theorem:

Let V;, ,w = (u Vit -(I)_ Uo - Vu) be an operator acting on w = (u, v, p) such

that u = v = 0 on boundaries. If
<wy,wy >= [[[uiu, + viv, + pip,ldxdy, the adjoint operator of IV, is

dxuy Oyuy O] [—ugo. — vga, 0 0
Nwe = |0xv9 0yv9 O + 0 —U0y — V0, 0
0 0 0 0 0 0
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Adjoint of
linearized advection operator (2/4)

< W]JNWOWZ >=< ﬁwowl, W, >

jj [u{ (uoaxuz + vo0yuy + uy0,uy + vzayuo) dxdy

+v] (uoaxvz + U0y Uy + U0,V + vzayvo)

B ﬂ [ (uiuoaxuz + UVe0y Uy + ViUGO, U, + v{voayvz) dxdy

+(ui6xu0u2 + ujdyugv, + vy 0, vou, + vi‘ayvovz)

= U [uiuoaxuz + UiV 0y Uy + ViUg0, U, + v{voayvz]dxdy

(*)

+ H [[ulaxuf, + v,0,,v5]" u, + [ulayuz‘, + vlayvsrvzl dxdy
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Adjoint of
linearized advection operator (3/4)

0

(*) = f[u{uonxuz + UV Uy + ViUV, + ViVen, v, |ds

~ || oeutuod, + 0y v + 0 wi)vs + oy (wiveIv,]dxdy

= — q [[ax(u1u3) + ay(ule)]* Uy + |0, (vyugp) + 5y(U1VS)]* UZI dxdy

)
_ Uy Oy + V1 0y '_ax(uluS)_'ay(u1v6)
NwoW1 = [u10yug + 010,00 | + | =0, (v1ug) — ay(vﬂfg)
0 0

—Up0x UL~V 0yUq
—Uo0xV1—V(0yV1
0
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Adjoint of
linearized advection operator (4/4)

Conclusion:
OxUg dyuy 0 "y —Ug 0y — V0y, 0 0] ruq
ﬁw0W1 =10xvy 0yvy 0] |V1|+ 0 —Uy0yx — Vo0, O] [Vll
0 0 o] Pt 0 0 ol LP1
dxUy  dyup  0)rus U0y + Vo0, 0 0] ru,
NwoW2 = [0,v9 0yvy O0]|V2] + 0 UgOy + V0, O [Vz]
0 0 0flP2 0 0 0f LP2

Ny, # ]\7W0 because of:

- component-type non-normality => v — u becomes u = v
- convective-type non-normality => upstream convection
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Adjoint of Stokes operator (1/4)

Theorem:

let [ = <—VA() 40

—7-0 0
u = v = 0 on boundaries. If (wy,w,) = [[[uju, + v,* v, + pip,ldxdy, the

) be an operator acting on w = (u, v, p) such that

operator £ is self-afjoint : £ = L.
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Adjoint of Stokes operator (2/4)

< wy, Lwy, >=< Lwy,w, > [= (—VA() \7())
—7-(0) 0

U [ui(—vaxxuz — V0yyUy + 0xPy ) + v{(—vaxxvz — V0,V + aypz)
+ p{(—axuz — ayvz)]dxdy
= f J [—vu{@xxuz — VU OyylUy + UT 0y Py — VU] 0y Vp — VU1 0y, V5
+ V10, p; — p10xUp — p1Oyv;]dxdy
= j[—vuinxaxuz — VU Ny 0yUy + UTNy Dy — VU N, 05Uy — VU N, 0y, V5 + V1N, Dy
— PNy Uy — p;nyvz]ds
- f f |—v0, Ui 0yuy — vAyuid Uy + O,ulpy — VO VIOV, — VO, VIO, D,

+ 0y vipy — 0xDiuy — Oypivy|dxdy |
u = v = 0 on boundaries
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Adjoint of Stokes operator (3/4)

= — jf [0xuip2 + 0, vip, — OxPiup — 0,1V, |dxdy

* jj _[_vaxuiaxuz — Vayuiayuz — Vaxv;axvz - Vayv;ayVZ]dxdy

()
(*) = j —|—vouineu, — voyuin,u, — voyving v, — v, vin,v,|ds

+ ﬂ[—v@xxuiuz — VO UlUy — VOyy ViV, — vayyv’{vz]dxdy

—VOyx — VOy,y 0 O] ruy
Lw, = 0 —VOyxx —V0y, 0 [v ]

y 1
—0, —d, 0 | LP1
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Adjoint of Stokes operator (4/4)

—VOyx — VOy,y 0 Oy 1u,
Lw, = 0 —VOxx — V0Oyy, 0y [vzl

—0y —0y 0 | LP2
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The adjoint global mode

of cylinder flow

0.5
| y
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Real part of cross-stream velocity field.
Marginal adjoint global mode
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