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Correction  

2b/    

𝜕!𝜙 = 𝑛!
𝑈
2𝛾

− 𝜒!𝑥 𝑒
!
!!!!

!!!!
!   

𝜕!!𝜙 = 𝑛! −𝜒! +
𝑈!

4𝛾!
+ 𝜒!𝑥! −

𝑈
𝛾
𝜒!𝑥 𝑒

!
!!!!

!!!!
!   

𝐿𝜙 = −𝑈𝜕!𝜙 + 𝑖𝜔!𝜙 + 𝜇!𝜙 − 𝜇!
𝑥!

2
𝜙 + 𝛾𝜕!!𝜙

= −𝑈
𝑈
2𝛾

− 𝜒!𝑥 + 𝑖𝜔! + 𝜇! − 𝜇!
𝑥!

2

+ 𝛾 −𝜒! +
𝑈!

4𝛾!
+ 𝜒!𝑥! −

𝑈
𝛾
𝜒!𝑥 𝑛!𝑒

!
!!!!

!!!!
! = 𝑖𝜔! + 𝜇! −

𝑈!

4𝛾
− 𝛾𝜒!

!

𝜙  

Hence:  

𝜆 = 𝑖𝜔! + 𝜇! −
𝑈!

4𝛾
−

𝛾𝜇!
2
  

2c/    
< 𝑢, 𝐿𝑣 >  =< 𝐿𝑢, 𝑣 >  

𝑢 −𝑈𝜕!𝑣 + 𝜇 𝑥 𝑣 + 𝛾𝜕!!𝑣 𝑑𝑥
!

!!
= −𝑢𝑈𝜕!𝑣 + 𝑢𝜇 𝑥 𝑣 + 𝛾𝑢𝜕!!𝑣 𝑑𝑥

!

!!
=

= −𝑢𝑈𝑣 + 𝛾𝑢𝜕!𝑣 !!
! + 𝑈𝜕!𝑢𝑣 + 𝑢𝜇 𝑥 𝑣 − 𝛾𝜕!𝑢𝜕!𝑣 𝑑𝑥

!

!!
  

= −𝑢𝑈𝑣 + 𝛾𝑢𝜕!𝑣 − 𝛾𝜕!𝑢𝑣 !!
! + 𝑈𝜕!𝑢 + 𝑢𝜇 𝑥 + 𝛾𝜕!!𝑢 𝑣𝑑𝑥

!

!!
  

= −𝑢𝑈𝑣 + 𝛾𝑢𝜕!𝑣 − 𝛾𝜕!𝑢𝑣 !!
! + 𝑈𝜕!𝑢 + 𝑢𝜇 𝑥 + 𝛾𝜕!!𝑢 𝑣𝑑𝑥

!

!!
  

Hence:  

𝐿 = 𝑈𝜕! + 𝜇 𝑥 + 𝛾𝜕!!   

  

2d/  

𝐿𝜓 = 𝜆∗𝜓  
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𝜕!𝜓 = (−
𝑈
2𝛾

− 𝜒!𝑥)𝑒!
!
!!!!

!!!!
!   

𝜕!!𝜓 = −𝜒! +
𝑈!

4𝛾!
+ 𝜒!𝑥! +

𝑈
𝛾
𝜒!𝑥 𝑒!

!
!!!!

!!!!
!   

𝐿𝜓 =   𝑈𝜕!𝜓 + 𝜇 𝑥 𝜓 + 𝛾𝜕!!𝜓 = −
𝑈!

4𝛾
− 𝑖𝜔! + 𝜇! − 𝛾𝜒! 𝑒!

!
!!!!

!!!!
! = 𝜆𝜓  

3a/  

𝜇 𝑥 = 𝑖𝜔! + 𝜇! + 𝜖𝛿 − 𝜇!
𝑥!

2
  

𝐿 = −𝑈𝜕! + 𝑖𝜔! + 𝜇! − 𝜇!
𝑥!

2
+ 𝛾𝜕!!

!!

+ 𝜖𝛿 + 𝜖Δ𝐿  

𝐿!𝜙 = 𝑖𝜔!𝜙  

  

3b/  Then:  

𝜕!𝑤 = 𝜖
!
!𝜕!𝑤!

!
+ 𝜖

!
! 𝑤!

!
+ 𝜕!𝑤!

!
  

Throwing  everything  inside:  

𝜖
!
!𝜕!𝑤!

!
+ 𝜖

!
! 𝜕!𝑤!

!
+ 𝜕!𝑤!

!

= 𝐿! 𝜖
!
!𝑤!

!
+ 𝜖

!
!𝑤!

!
+ 𝜖𝛿𝜖

!
!𝑤!

!
+ 𝜖Δ𝐿𝜖

!
!𝑤!

!
+ 𝑐𝜖

!
!𝑤!

!
𝑤!
!

!
+ 𝜖

!
!𝐸𝛿 𝑥 − 𝑥! 𝑒!!!!𝑒!!!  

Order  𝜖
!
!:  

𝜕!𝑤!
!
= 𝐿!𝑤!

!
  

𝑤!
!
= 𝐴 𝜏 𝑒!!!!𝜙  

Order  𝜖
!
!:  

𝜕!𝑤!
!
+ 𝜕!𝑤!

!
= 𝐿!𝑤!

!
+ 𝛿𝑤!

!
+ Δ𝐿𝑤!

!
+ 𝑐𝑤!

!
𝑤!
!

!
+ 𝐸𝛿 𝑥 − 𝑥! 𝑒!!!!𝑒!!!  

  

3c/    
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𝜕!𝑤!
!
= 𝐿!𝑤!

!
−
𝑑𝐴
𝑑𝜏

𝑒!!!!𝜙 + 𝛿𝐴𝑒!!!!𝜙 + 𝐴𝑒!!!!Δ𝐿𝜙 + 𝑐𝐴 𝐴 !𝑒!!!!𝜙 𝜙 ! + 𝐸𝛿 𝑥 − 𝑥! 𝑒!!!!𝑒!!!  

Compatibility  condition:  

< 𝜓,−
𝑑𝐴
𝑑𝜏

𝑒!!!!𝜙 + 𝛿𝐴𝑒!!!!𝜙 + 𝐴𝑒!!!!Δ𝐿𝜙 + 𝑐𝐴 𝐴 !𝑒!!!!𝜙 𝜙 ! + 𝐸𝛿 𝑥 − 𝑥! 𝑒!!!!𝑒!!! >  = 0  

< 𝜓,−
𝑑𝐴
𝑑𝜏

𝜙 + 𝛿𝐴𝜙 + 𝐴𝑒!!!!Δ𝐿𝜙 + 𝑐𝐴 𝐴 !𝜙 𝜙 ! + 𝐸𝛿 𝑥 − 𝑥! 𝑒!!! >  = 0  

−
𝑑𝐴
𝑑𝜏

< 𝜓,𝜙 > +𝛿𝐴 < 𝜓,𝜙 > +𝐴 < ψ,Δ𝐿𝜙 > +𝑐𝐴 𝐴 ! < 𝜓,𝜙 𝜙 ! > +𝐸𝑒!!! < 𝜓, 𝛿 𝑥 − 𝑥! >  = 0  

𝑑𝐴
𝑑𝜏
  = 𝛿𝐴 + 𝐴

< ψ,Δ𝐿𝜙 >
< 𝜓,𝜙 >

+ 𝑐
< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐴 𝐴 ! +
𝜓 𝑥!
< 𝜓,𝜙 >

𝐸𝑒!!!  

3d/    

𝑑𝐵!

𝑑𝑡
= 𝜖

!
!
𝑑𝐴
𝑑𝜏

𝜖 + 𝑖𝜔!𝐴 𝑒!!!! =
1
𝐴
𝑑𝐴
𝑑𝜏

𝜖 + 𝑖𝜔! 𝐵!

= 𝑖𝜔! + 𝛿𝜖 +
< ψ,Δ𝐿𝜙 >
< 𝜓,𝜙 >

𝜖 + 𝑐
< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐴 !𝜖 +

𝜓 𝑥!
< 𝜓,𝜙 >𝐸𝑒

!!"

𝐵!𝑒!!!!!𝜖!
!
!
𝜖 𝐵!  

𝑑𝐵!

𝑑𝑡
= 𝑖𝜔!𝐵′ + 𝛿′𝐵′ +

< ψ,Δ𝐿′𝜙 >
< 𝜓,𝜙 >

𝐵′ + 𝑐
< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐵′ 𝐵′ ! +
𝜓 𝑥!
< 𝜓,𝜙 >

𝐸!𝑒!!!!  

4/  =>Response  strongest  for  𝜔! =   𝜔!  

=>  Forcing  should  be  located  at  𝑥!   where  adjoint  is  strongest  

=>  Response  is  stronger  if  < 𝜓,𝜙 >  large  =>  non-‐normal  

5/  Conclusion:  the  eigenvalue  shift  is  strongest  if:  

-‐ 𝛿𝜇(𝑥)   is  in  the  region  where  𝜓 𝑥 𝜙(𝑥)   is  strong,  i.e.  in  the  overlap  region  of  the  direct  and  
adjoint  

-‐ the  system  is  non-‐normal:  < 𝜓,𝜙 >  is  small.  

6/    

𝜆 = 𝑖𝜔! + 𝛿! +
< ψ,Δ𝐿𝜙 >
< 𝜓,𝜙 >

= 𝑖𝜔! + 𝛿! +
< ψ,𝐾𝛿 𝑥 − 𝑥! 𝜙 𝑥! >

< 𝜓,𝜙 >
= 𝑖𝜔! + 𝛿! +

𝐾ψ 𝑥! 𝜙 𝑥!
< 𝜓,𝜙 >

  

  To  stabilize  the  flow,  we  choose:  
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𝐾ψ 𝑥! 𝜙 𝑥!
< 𝜓,𝜙 >

= −𝛿! => 𝐾 =
< 𝜓,𝜙 >
ψ 𝑥! 𝜙 𝑥!

  

7a/    
𝑑𝐶!

𝑑𝑡
= 𝜖

!
! −𝑖Ω +

1
𝐴
𝑑𝐴
𝑑𝜏

𝐴𝑒!!!!ϵ = 𝜖
!
! −𝑖Ω + 𝛿 + 𝑐

< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐴 ! +
𝜓 𝑥!
< 𝜓,𝜙 >

𝐸
𝐴
𝑒!!! 𝐴𝑒!!!!ϵ

= −𝑖Ω! + 𝛿! + 𝑐
< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐶! ! + 𝜖
𝜓 𝑥!
< 𝜓,𝜙 >

𝐸

𝐶!𝜖!
!
!𝑒!!!

𝑒!!! 𝐶!  

𝑑𝐶′
𝑑𝑡

= −𝑖Ω′𝐶′ + 𝛿′𝐶′ + 𝑐
< 𝜓,𝜙 𝜙 ! >
< 𝜓,𝜙 >

𝐶′ 𝐶! ! +
𝜓 𝑥!
< 𝜓,𝜙 >

𝐸′  

𝑤 = 𝐶!(𝑡)𝑒!!!!𝜙  

	  


